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91. INTRODUCTION 
THE FAMOUS theorem of Borsuk-Ulam states that if f :S” + R” is a continuous map, 
then some fiber f-‘(y) contains an antipodal pair (a, - a}_ This result has been 
generalized to several directions (See, e.g. [l, 6-g]). Moreover, JoshiP] proved that if 
XC R”+’ is a compact set separating 0 and CO and if f: X + R” is continuous, then 
some fiber f-‘(y) contains an antipodal pair {a, b}, that is, b = - Aa for some A > 0. As 
a compact subset of R”, fX has a trivial tech cohomology group WcfX). One might 
think that Joshi’s result is true for all maps of X onto a Hausdoti space Y with 
H”(Y) = 0. A simple example (3.1) shows that this is not true. A somewhat more 
complicated example (3.2) shows that if n + 1 I 2p I 2n, there is a map f of S” onto a 
contractible p-dimensional polyhedron such that f(x) f f(- x) for all x E S”. This 
answers a question of Conner and Floyd ([2], p. 89). However, we shall show that 
H”(Y) = 0 implies that there still is a fiber f-‘(y) which is not contained in any open 
half space W C R”+’ with 0 E 6’W. More generally, this is true whenever f *: H”(Y)+ 
H”(X) is the zero map. The proof makes use of the canonical homomorphisms of the 
tech theory. 
$2. THE MAM THEOREM 
2.1 Terminology and notation 
The standard orthonormal basis of R” is written as el, . . . , e,,. By a half space in 
R” we mean an open half space whose boundary contains the origin. Thus every half 
space is of the form {x E R”: x * b > 0) where b E R”, x - b is the inner product, and 
lb/ = (b - b)“* = 1. If x,.y E R” are non-zero vectors, we let ang (x, y) denote the angle 
between x and y. Thus 0 I ang (x, y) I m and x . y = lxl]yl cos ang (x, y). A compact 
set X C R” is said to separate 0 and CQ if 0 lies in a bounded component of R”\X. 
All spaces are assumed to be Hausdoti and all maps between spaces are 
continuous. The tech cohomology groups with integral coefficients of a space X are 
written as H’(X) ([13], 89.3). If & is a family of sets in X, we let N(d) and H’(I) 
denote the nerve of d and the j-dimensional cohomology group of N(d), respec- 
tively. If d is an open covering of X, there are canonical homomorphisms y: H’(d)+ 
W(X). If i: E + X is an inclusion, we set djE = {U n E: U E &}. There is a natural 
simplicial map (c: N(sPJE)+N(d) and a commutative diagram 
H’(d) ---% H'(dlE) 
I 11 1 YZ 
H'(X) i’ H’(E). 
The homomorphism ‘y2q* = ‘* r yI: H’(d) + H’(E) is also called canonical. 
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We need two lemmas. The first lemma is elementary: 
2.2. LEMMA. Let WC R”+’ be a half space, let K C W be compact, and let a E S” 
be a point at which the map g: S” -+ R’, defined by 
g(z) = max {ang (z, x): x E K}, 
attains its minimum. Then a E W. 
Proof. We may assume that W = {x: x,+’ > 0). Replacing K by {x/lx]: x E K} we may 
assume that K C S”. Write a = y + uen+l, y E R”, and set a* = y - uen+l. We must show 
that p > 0. Suppose that p < 0. Let x E K and write x = y’ + he,,,, y’ 5 R”, A > 0. Then 
x .a*=y'.y - hp > y’ . y + hp = x . a. Since K is compact, this implies g(a) > g(a*), 
which is impossible. Next assume that p = 0. Let x E K. For t E R’ write z(t) = 
(a + te,)/(a + tenI and u(t) = z(t) - x. Then z(0) = a and u’(O) = x,, > 0. Hence 
ang (z(t), x) < ang (a, x) for small t > 0. This implies g(z(t)) < g(a) for small t > 0, which 
is a contradiction. Cl 
2.3. LEMMA. Let X C R”+’ be a compact set separating 0 and m, Let Z’be the family 
of all half spaces in R”+‘. Then the canonical homomorphism y: H”( %‘) + H”(X) is 
not the zero map. 
Proof. Choose r2> rl >O such that X is contained in the annulus A = 
{x E R”+‘: rl 5 (x(5 r2}. If WI,. . . , W, E 2, then WI n . . . fl W, f~ A is cohomologic- 
ally trivial. Hence the canonical homomorphisms yl: Hj(kZ[A)+ H’(A) are isomor- 
phisms ([4], pp. 213,228). Let i: X+ A be the inclusion. Since cp: N(X/A)+ N(E) is a 
simplicial isomorphism, since y = i*y’cp* and since H”(A) = 2, it suffices to show that 
i*: H”(A) --* H”(X) is not the zero map. By Alexander duality, i* can be identified 
with the homorphism j*: fi,,(R”+‘\A) + &(R”*‘\X), induced by the inclusion. Since 
the two components of R”+‘\A lie in different components of R”+‘\X, j* f 0. 0 
2.4. THEOREM. Let X C R”+’ be a compact set which separates 0 and 03. Let f be a 
map of X onto a Hausdofl space Y such that f*: H”(Y)+ H”(X) is the zero map. 
Then there is y E Y such that f-‘(y) is not contained in any open half space W with 
0Eaw. 
Proof. Suppose that the theorem is false. For every y E Y we can then choose a 
half space W, such that f-‘(y) C W,. Choose an open neighborhood U, of y such that 
& C Y\f [X\ W,]. Then f-’ oy C W,. Since Y is metrizable, we can choose an open 
star-refinement 93 of the covering {U,: y E Y} of Y. We may assume that the 
members of 93 are non-empty. Let & = cf-’ U: U E 6%). Then f induces a simplicial 
map cp: N(sB)+iV(B), which maps a vertex f-‘U to U. 
We define a simplicial map I& N(B)+iV(%‘) as follows: Let U E ‘3. Define 
g: S”+R’ by 
g(z) = max {ang (z, x): x E f-’ 0). 
Choose a point a(U) ES” at which g attains its minimum. Set t++(U) =
{x E R”+‘: x - a(U) > 0) E X Since f -’ 0 is contained in a half space, g(a( U)) < 7r/2, 
and therefore f-‘L? C 1,9(u). We show that I& is simplicial. Let U,, . . . , U, E $23 with 
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u, n . . . fl U,# 0. Then there is y E Y such that U, U . . . U U, C U,, which implies 
that f-‘l?lU.. .Uf-‘DkC W,. Write W,={ x: x . 6 > O}. From Lemma 2.2 it follows 
that U( Uj) C W, for every integer j E [1, k]. Hence a( Uj) . b > 0, which implies that 
b E $( Vi) for every i E [ 1, k]. Thus t,G is simplicial. 
The map r = $9: N(d) + N(%‘) is a projection, that is, V C T(V) for every vertex 
V E d Passing to cohomology we obtain the commutative diagram 
Here yr and yz are canonical homomorphisms. Since f* = 0, the canonical homomor- 
phism y2r* is the zero map. This contradicts Lemma 2.3. El 
2.5. Remark. Theorem 2.4 becomes false if the open half spaces are replaced by 
closed ones. A counter-example is given by the orthogonal projection f : S” + R”. 
2.6. Remark. Jean Roberts pointed out that the following converse of Theorem 2.4 
is true: Let X C R”“\(O) be a compact set which does not separate 0 and ~0. Then 
there is a map of X onto a Hausdorff space Y such that f*: H”( Y)+H”(X) is the 
zero map and every fiber f-‘(y) is contained in a half space. 
Indeed, let p: R”“\(O)-+ S” be the radial projection p(x) = x/(x]. Set Y = pX, and 
let f: X-, Y be the map defined by p. If YZ S”, then H”(Y) = 0. Suppose that 
Y = S”. Choose a PL arc A joining 0 and = in the complement of X. Then f can be 
factorized as X C R”+‘\A + Y. Since R”+‘\A is homeomorphic to R”+‘, H”(R”+‘\ 
A) = 0, and hence f*: H”(Y)+ H”(X) is the zero map. On the other hand, every fiber 
f-‘(y) is contained in a ray and hence in a half space. 
03. EXAMPLES 
3.1. Example. There is a map f of S’ onto a contractible space Y such that 
f(x) Z f(- x) for all x E S’. Using a radial homeomorphism we may replace S’ by a 
regular hexagon X centered at the origin. Let a,, . . . , (16 be the consecutive vertices of 
X. Let f: X+ R2 be the map which keeps the points al, a3, ir5 fixed, maps the points 
~2, a4, a6 into the origin, and is affine on each of the six sides of X. Then fX = Y is the 
contractible space consisting of the three segments Oal,0a2 and 0a3. Moreover, 
f-‘(O) = {a2, a4, ~61, and ang (x, y) 5 27r/3 whenever f(x) = f(y) f 0. Hence f(x) f f(- x) 
for all x E X. 
3.2. Example. Let p and n be positive integers with n + 1 5 2p I 2n. We show that 
there is a contractible p-dimensional polyhedron P and a map f of S” onto P such 
that f(x) # f(- x) for every x E S’. Let K” be the set of all points ei and - ei, 
1 I i 5 n + 1. Let K be the simplicial complex whose simplexes are spanned by the 
subsets of K” which do not contain {ei, - ei} for any i. For n = 2, K is the octahedron. 
Since there is a radial homeomorphism S” + (KJ, we may replace S” by ]K]. Let 
Q: ]KI+ JK/ be the antipodal map a(x) = -x. 
Let L be the (p - I)-skeleton of K. Choose a derived subdivision K’ of K. Let M 
be the subcomplex of K’ dual to L, it4 = {A E K’: A II JLI = 0). We show that K’ can 
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be chosen in such a way that (MI does not contain any antipodal pair. Proceeding by 
induction on n, we may assume that the starring points of the simplexes of K which 
lie in R” have been chosen so that [MI n R” does not contain any antipodal pair. If 
A E K has the vertex en+I, we choose the starring point of A arbitrarily. Since 
2p L n + 1,2 dim (A n IM)) < dim A. Hence, by general position, we may choose the 
starring points of the simplexes cuA in such a way that IM( n aJMJ = 0. 
Let Y be the same cone O(L(. We define f: (K( + Y as follows: f is the identity on IL/, 
maps IM( into the origin, and is affine on each simplex of K’. Clearly Y is a 
contractible p-dimensional polyhedron. Furthermore, f-‘(O) = IMI does not contain 
any antipodal pair. If y E Y and yf 0, f-‘(y) is contained in the closed star of some 
(p - I)-simplex A E K in K’. Hence f-‘(y) does not contain any antipodal pair. 
Observe that f-‘(O) is the only fiber which is not contained in any half space. In 
fact, we can make the other fibers arbitrarily small be replacing K by a subdivision of 
small mesh. 
3.3. Remark. If n is odd, the bound 2p L n + 1 in 3.2 is the best possible. 
Indeed, if Y is a separable metric space with 2 dim Y 5 n - 1, there is an embedding 
of Y into R”. If f: S” + Y is a map, it follows from the Borsuk-Ulam theorem that 
f(x) = f(- x) for some x E S”. 
The following question remains open: Let n be even, n = 2p. Does there exist a 
p-dimensional polyhedron Y and a map f: S” * Y such that f(x) # f(- x) for all x? 
Here Y cannot be the cone of a (p - I)-dimensional polyhedron, because such a Y 
can be embedded into R”. 
No& added in proof. When this paper was already in print, I found out that the case X = S” of Theorem 2.4 
follows easily from Lemma 12 of J. GEWIRTZ: Metric conditions that imply local invertibility. Comm. Pure 
Appl. Math. 22 (1%9), 243-264. The general case can also be proved by his methods. The case X = Y = S” was 
already considered by K. BORSLJK: Sur certaines constantes likes avec les classes des transformations des 
surfaces sphCriques en soi. C. R. Sot. Sci. Varsovie (1938), 7-12. 
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